We prove a bifurcation and multiplicity result that is independent of the dimension N for a critical p-Laplacian problem that is the analog of the Brezis-Nirenberg problem for the quasilinear case. This extends a result in the literature for the semilinear case p = 2 to all p ∈ (1, ∞). In particular, it gives a new existence result when N < p 2 . When p = 2 the nonlinear operator −∆ p has no linear eigenspaces, so our extension is nontrivial and requires a new abstract critical point theorem that is not based on linear subspaces. We prove a new abstract result based on a pseudo-index related to the Z 2 -cohomological index that is applicable here. * MSC2010: Primary 35J92, Secondary 35B33, 58E05
Introduction and main results
Elliptic problems with critical nonlinearities have been widely studied in the literature. Let Ω be a bounded domain in R N , N 2 with Lipschitz boundary. In the celebrated paper [4] when N 3, where 2 * = 2N/(N − 2) is the critical Sobolev exponent. Among other things, they proved that this problem has a positive solution when N 4 and 0 < λ < λ 1 , where λ 1 > 0 is the first Dirichlet eigenvalue of −∆ in Ω. Capozzi et al. [6] extended this result by proving the existence of a nontrivial solution for all λ > 0 when N 4. The existence of infinitely many solutions for all λ > 0 was established by Fortunato and Jannelli [12] when N 4 and Ω is a ball, and by Devillanova and Solimini [9] when N 7 and Ω is an arbitrary bounded domain (see also Schechter and Zou [18] ).
García Azorero and Peral Alonso [13] , Egnell [10] , and Guedda and Véron [14] studied the corresponding problem for the p-Laplacian
when 1 < p < N , where ∆ p u = div |∇u| p−2 ∇u is the p-Laplacian of u and p * = N p/(N − p). They proved that this problem has a positive solution when N p 2 and 0 < λ < λ 1 , where λ 1 > 0 is the first Dirichlet eigenvalue of −∆ p in Ω. Degiovanni and Lancelotti [8] extended their result by proving the existence of a nontrivial solution when N p 2 and λ > λ 1 is not an eigenvalue, and when N 2 /(N + 1) > p 2 and λ λ 1 (see also Arioli and Gazzola [1] ). The existence of infinitely many solutions for all λ > 0 was recently established by Cao et al. [5] when N > p 2 + p (see also Wu and Huang [19] ).
On the other hand, Cerami et al. [7] proved the following bifurcation and multiplicity result for problem (1.1) that is independent of N and Ω. Let 0 < λ 1 < λ 2 λ 3 · · · → +∞ be the Dirichlet eigenvalues of −∆ in Ω, repeated according to multiplicity, let , and m denotes the multiplicity of λ k+1 , then problem (1.1) has m distinct pairs of nontrivial solutions ± u λ j , j = 1, . . . , m such that u λ j → 0 as λ ր λ k+1 (see [7, Theorem 1.1] ). In the present paper we extend the above bifurcation and multiplicity result to the p-Laplacian problem (1.2) . This extension to the quasilinear case is quite nontrivial. Indeed, the linking argument based on eigenspaces of −∆ in [7] does not work when p = 2 since the nonlinear operator −∆ p does not have linear eigenspaces. We will use a more general construction based on sublevel sets as in Perera and Szulkin [17] (see also Perera et al. [16, Proposition 3 .23]). Moreover, the standard sequence of eigenvalues of −∆ p based on the genus does not give enough information about the structure of the sublevel sets to carry out this linking construction. Therefore we will use a different sequence of eigenvalues introduced in Perera [15] that is based on a cohomological index.
The Z 2 -cohomological index of Fadell and Rabinowitz [11] is defined as follows. Let W be a Banach space and let A denote the class of symmetric subsets of W \ {0}. For A ∈ A, let A = A/Z 2 be the quotient space of A with each u and −u identified, let f : A → RP ∞ be the classifying map of A, and let f * : H * (RP ∞ ) → H * (A) be the induced homomorphism of the Alexander-Spanier cohomology rings. The cohomological index of A is defined by
. For example, the classifying map of the unit sphere S m−1 in R m , m 1 is the inclusion RP m−1 ⊂ RP ∞ , which induces isomorphisms on H q for q m − 1, so i(S m−1 ) = m. The Dirichlet spectrum of −∆ p in Ω consists of those λ ∈ R for which the problem
has a nontrivial solution. Although a complete description of the spectrum is not yet known when p = 2, we can define an increasing and unbounded sequence of eigenvalues via a suitable minimax scheme. The standard scheme based on the genus does not give the index information necessary for our purposes here, so we will use the following scheme based on the cohomological index as in Perera [15] . Let
Then eigenvalues of problem (1.3) on M coincide with critical values of Ψ. We use the standard notation
for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric subsets of M and set
Then 0 < λ 1 < λ 2 λ 3 · · · → +∞ is a sequence of eigenvalues of problem (1.3) and . Making essential use of (1.5), we will prove the following theorem.
then problem (1.2) has a pair of nontrivial solutions ± u λ such that u λ → 0 as λ ր λ 1 .
(ii) If λ k λ < λ k+1 = · · · = λ k+m < λ k+m+1 for some k, m ∈ N and
7)
then problem (1.2) has m distinct pairs of nontrivial solutions ± u λ j , j = 1, . . . , m such that u λ j → 0 as λ ր λ k+1 .
In particular, we have the following existence result, which is new when N < p 2 .
We note that λ 1 > S/ |Ω| p/N . Indeed, let ϕ 1 be an eigenfunction associated with λ 1 . It is well-known that S is not attained, so
by the Hölder inequality. The abstract result of Bartolo et al. [2] used in [7] is based on linear subspaces and therefore cannot be used to prove our Theorem 1.1. In the next section we will prove a more general critical point theorem based on a pseudo-index related to the cohomological index that is applicable here (see also Perera et al. [16, Proposition 3 .44]).
An abstract critical point theorem
In this section we prove an abstract critical point theorem based on the cohomological index that we will use to prove Theorem 1.1. Let W be a Banach space and let A denote the class of symmetric subsets of W \{0}. The following proposition summarizes the basic properties of the cohomological index. 
since id W ∈ Γ. Hence M intersects B by (i 2 ) of Proposition 2. This completes the proof of Theorem 1.1.
